We consider coverings of real algebraic curves to real rational algebraic curves. We show the existence of such coverings having prescribed topological degree on the real locus. From those existence results we prove some results on Brill-Noether Theory for pencils on real curves. For coverings having topological degree 0 we introduce the covering number k and we prove the existence of coverings of degree 4 with prescribed covering number.
Introduction
In this paper we show the existence of coverings π : X → P 1 of P 1 by real curves satisfying some specific properties related to the real locus X(R). Part of those constructions is related to recent results on real pencils (one-dimensional linear systems) on real curves.
We write X(C) to denote the associated Riemann surface, g(X) to denote its genus and a(X) ∈ {0, 1} such that 2 − a(X) is the number of connected components of X(C) \ X(R). Consider a covering π : X → P 1 and choose an orientation on P 1 (R). Let C be a connected component of X(R) and consider the restriction π| C : C → P 1 (R). Fixing an orientation on C this restriction has a topological degree δ C (π) and we assume the orientations are chosen such that δ C (π) ≥ 0. We consider the existence of coverings having prescribed values for those topological degrees. There are trivial natural restrictions between d = deg(π), g = g(X), a = a(X) and those topological degrees and we prove that there exists such a covering π for all values d, g, a and δ C satisfying those restrictions.
In particular, for each s ≥ 2, g ≡ s − 1 (mod 2) with g ≥ s − 1 there exists a real curve X of genus g such that a(X) = 0 and X(R) has exactly s connected components and a morphism π : X → P 1 of degree s such that δ C (π) = 1 for each component C of X(R). In particular π(R) : X(R) → P 1 (R) is the union of s homeomorphisms. In [21] one introduces very special linear systems on real curves satisfying strong Clifford-type properties for real curves and in Proposition 2.1 of [21] it is proved that the only very special pencils are exactly those defined by such coverings. So we obtain a proof for the existence of very special pencils of all possible types.
In [9] one studies some Brill-Noether properties for pencils on real curves. We give another proof of part of the results in [9] making intensive use of results coming from the theory of complex curves. In this way it is enough to prove the existence of one real curve having a pencil of suited degree. Because of our existence results we obtain Brill-Noether properties for pencils having prescribed topological degree on the connected components of the real locus. While the arguments in [9] are restricted to real curves having real points, our arguments also give Brill-Noether properties for pencils on real curves without real points.
The existence and Brill-Noether results are also considered in [5] , [6] and [7] without considering the topological degrees. In order to make the arguments more careful with respect to dimension arguments on the real locus of a variety defined over R we use universal spaces representing morphisms that are known to be globally smooth because of Horikawa deformation theory.
A real divisor D on a real curve is called totally non-real in case the support of D contains no real point of X. It is known that for a real linear system on a real curve the parity of the restriction of a divisor to a connected component of X(R) is constant. Hence if this parity is odd for some component then the linear system does not contain a totally non-real divisor. Restricting to linear systems such that the parity is even for all components of X(R), there is a sharp result in [11] concerning the existence of totally non-real divisors in such a linear system. For linear systems of large dimension, it is not easy to find non-trivial examples of such linear systems having no totally non-real divisors. In the case of pencils our constructions give a lot of such examples coming from coverings having only even topological degrees and at least one of them being non-zero. One can ask for the existence of such examples coming from coverings with all topological degrees equal to zero. We prove the existence of all types of such coverings of the smallest possible degree 4.
In Section 1 we give the constructions that are the base for the existence of coverings with prescribed topological degrees. In Section 2 we prove the existence of coverings with prescribed topological degrees. In Section 3 we discuss Brill-Noether problems for pencils on real curves. Finally in Section 4 we prove the existence of coverings of degee 4 with all topological degrees equal to 0 and having no non-real divisor.
Terminology.
A smooth real curve X of genus g = g(X) is a scheme defined over R such that the base change X × R C, denoted by X C , is a complete connected smooth complex curve of genus g. We also write X(C) to denote the set of closed points of X C and we consider it as a Riemann surface of genus g. As usual the nontrivial element of Gal(C/R) is denoted by z → z and it is called (complex) conjugation. For a real curve X it induces an R-involution σ : X C → X C . For P ∈ X(C) we write P instead of σ(P ) and we call it the conjugated point of P . In case P = P then P is called a real point of X. The set of real points is called the real locus X(R) ⊂ X(C). This locus is a union of s(X) connected components, each one of them homeomorphic to a circle. The invariant a(X) is defined by a(X) = 1 in case X(C) \ X(R) is connected and otherwise a(X) = 0 (in that case X(C) \ X(R) has two connected components). We say a smooth real curve X has topological type (g, s, a) if g(X) = g, s(X) = s and a(X) = a. By a theorem of Weichold such real curve exists if and only if either a = 1 and 0 ≤ s ≤ g else a = 0, s ≡ g + 1 (mod 2) and 1 ≤ s ≤ g + 1 (see [25] , see also [19, Theorem 5.3] ). A triple (g, s, a) satisfying those restrictions is called an admissable topological type for real curves. In case P = P then we call P + P a non-real point of X.
For
If we say D is a divisor on X then we mean it is a real divisor on X C .
Let L be an invertible sheaf on X C . It can be described by means of trivializations on an open covering (U i ) i∈I of X(C) and transition functions a i,j (those are regular functions
The conjugated invertible sheaf L is defined by means of trivializations on the open covering (σ(U i )) i∈I and transition functions a i,j (for
In particular a real invertible sheaf is invariant under conjugation. Let Pic(X) be the Picard scheme of X defined over R (see [15] ). Then Pic(X) C represents the Picard functor on X C , in particular Pic(X)(C) parameterizes invertible sheaves on X C . For k ∈ Z one has natural subschemes Pic k (X) such that Pic k (X)(C) parameterizes invertible sheaves of degree k on X C . The real locus Pic k (X)(R) parameterizes invertible sheaves of degree k on X C invariant under conjugation. Let Pic k (X)(R) + be the sublocus parameterizing real invertible sheaves. In case X(R) = ∅ then Pic(X) also represents the Picard functor on X and therefore Pic k (X)(R)
We write |L| to denote the complete linear system of an invertible sheaf L on X C . In case L is a real invertible sheaf then |L|(R) is the space of real divisors contained in |L|. One has |L| = |L|(R) ⊗ C in a natural way (meaning |L|(R) can be considered as a projective space P r and then |L| = P r C ). As usual we write g r d to denote a linear system of dimension r and degree k on X C . In case L is a real invertible sheaf of degree k then we say a linear subsystem g r k of |L| is defined over R if there exists a k-dimensional linear subsystem g
In such case we say g r k is a linear system on X. In particular if L is a real invertible sheaf then we say |L| is a linear system on X.
We write P 1 to denote the projective line defined over R and we write R 0 to denote the smooth real curve of genus 0 without real points (defined by the equation
. Let X be a smooth real curve. A covering π : X → P 1 or π : X → R 0 is a finite morphism defined over R. We say π has degree d in case the associated covering π C : X C → P 1 C has degree d. Such covering corresponds to a base point free pencil g 1 d on X C . In case of π : X → P 1 this is called a real pencil on X. In case of π : X → R 0 this is called a non-real invariant pencil on X. This case only can occur if X(R) = ∅ (X has no real points) and moreover, in this case the pencil has no real divisor but it is invariant under complex conjugation. We write π(C) : X(C) → P 1 (C) to denote the covering of Riemann surfaces. In case X(R) is not empty we write π(R) : X(R) → P 1 (R) to denote the restriction of π(C) to the real locus X(R). For a connected component C of X(R) we write π C : C → P 1 (R) to denote the restriction of π(R) to C. On P 1 (R), homeomorphic to a circle S 1 , we choose an orientation and then for C, also homeomorphic to S 1 , we choose the orientation such that the degree of π C , denoted by δ C (π), is nonnegative. If P ∈ C and π C is not ramified at P , then the local degree δ P (π) is equal to 1 (resp. -1) if π C preserves (resp. reverses) the orientation locally at P . Let C 1 , · · · , C s be the connected components of X(R) and let δ i = δ Ci (π) for 1 ≤ i ≤ s. We can always assume δ 1 ≥ δ 2 ≥ · · · ≥ δ s and then we say π has topological degree (δ 1 , δ 2 , · · · , δ s ) (shortly denoted by δ).
Constructions
The proof of the existence of coverings with prescribed topological degrees uses an induction argument. To make that argument we start with a smooth real curve Y and a suited covering π Y : Y → P 1 . Using this covering we construct a covering π 0 : X 0 → P 1 with X 0 being a real singular nodal curve and we use a real smoothing π t : X t → P 1 of π 0 . In this part we describe those constructions giving relations between topological degrees of π Y and of π t . This will be the base for the induction argument in the next section.
In those constructions we start by taking local smoothings of the nodes of X 0 (C) having a natural antiholomorphic involution. Those local smoothings glue with the complement V of a neighborhood of the nodes of X 0 (C) giving rise to a deformation of compact Riemann surfaces X t (C) and holomorphic coverings π t (C) : X t (C) → P 1 (C). This complement V can be taken to be invariant under complex conjugation on X 0 (C) and this fits with the antiholomorphic involution of the local smoothings under the gluing. Hence we obtain an antiholomorphic involution σ t on X t (C). It is well-known that this defines a smooth real curve X t inducing the Riemann surface X t (C) such that σ t corresponds to complex conjugation (see e.g. [19, Section 4] ). Moreover the morphism π t (C) : X t (C) → P 1 (C) is invariant under complex conjugation hence it comes from a morphism π t : X t → P 1 (indeed, the graph of π t (C) is a closed subspace of (X t × P 1 )(C) invariant under complex conjugation on X t × P 1 ).
Construction I
Let Y be a real curve of genus g and let π : Y → P 1 be a morphism of degree k defined over R. Assume C is a connected component of Y (R) and let P be a point of C such that δ P (π) = 1 (such point P does exist because δ C (π) ≥ 0). Take a copy of P 1 and consider the singular curve X 0 = Y ∪ P P 1 obtained by identifying P on X with π(P ) on P 1 . This singular curve has a natural morphism π 0 defined over R of degree k + 1 to P 1 having restriction π to Y and the identity to P 1 (see Figure 1) .
Figure 1: Construction I, the curve X 0
Locally at P this situation can be described inside C 2 such that the curve X 0 has equation x 2 − y 2 = 0 and the morphism is locally defined by (x, y) → x and we can assume the coordinates are compatible with the real structure on X 0 (this means complex conjugation on X 0 corresponds to complex conjugation in C 2 ). Let U be a small neighborhood of (0, 0) in C 2 and V ⊂ U a much smaller one and let U 0 = U ∩ X 0 , V 0 = V ∩ X 0 . For Q = P in U 0 we can use x to define a holomorphic coordinate at Q. Consider a local deformation of X 0 at P defined by x 2 − y 2 = t with t ∈ R (|t| very small) and let U t (resp. V t ) be the intersection with U (resp. V ). We use a gluing of U t and X 0 (C) \ V 0 as follows. For z 0 ∈ C * let z0 √ z be the locally defined holomorphic square root function such that z0 z 2 0 = z 0 . A point Q ∈ U 0 \ V 0 has coordinates (x, x) or (x, −x). We identify (x, x) with (x, x √ x 2 − t) and (x, −x) with (x, − x √ x 2 − t). (One should adapt the description of V t and U t to this identification.) This defines a Riemann surface X t (C). On U t we define σ t (x, y) = (x, y). We need to show this behaves well under the previous identification. Since x √ x 2 − t is close to x one
with (x, x √ x 2 − t) and similarly (x, −x) is identified with (x, − x √ x 2 − t). As mentioned at the beginning of this section we obtain a real smooth curve X t and a covering π t : X t → P 1 of degree k + 1. Under this deformation the union C ∪ P P 1 (R) deforms to a connected component C t of X t (R) In case t > 0 the morphism π t has ramification on C t above x = ± √ t. We call this the deformation with real ramification. In order to have an orientation on C t we have to change the orientation on the attached P 1 (R). This implies that δ Ct (π t ) = δ C (π) − 1. Of course, if δ C (π) = 0 we also change the orientation of C t in order to obtain δ Ct (π t ) = 1 (see Figure 2 ). In case t < 0 the morphism π t has no ramification on C t close to P . We call this the deformation without real ramification. We use the orientation on C t obtained from both the orientation on C and the attached P 1 (R). This implies δ Ct (π t ) = δ C (π) + 1 (see Figure 3 ). In both cases X t (C)\X t (R) is connected if and only if X(C)\X(R) is connected.
Construction II
Let Y be a real curve of genus g and let π : Y → P 1 be a morphism of degree k defined over R. Let Q ∈ P 1 (R) not a branch point of π and assume P + P ⊂ π −1 (Q), a non-real point on Y (in particular we assume such non-real point exists). Let X 0 be the singular curve obtained from X by identifying P with P . This singular curve has a natural morphism of degree k to P 1 defined over R obtained from π (see Figure 4) . On X 0 the singularity (again denoted by P ) is an isolated real point. Locally at P this situation can be described inside C 2 such that the curve has equation x 2 + y 2 = 0 and the morphism is locally defined by (x, y) → x with coordinates compatible with the real structure on X 0 . We use U and V as in Construction I. Consider the local deformation of X 0 at P defined by x 2 + y 2 = t with t ∈ R (|t|
This defines a Riemann surface X t (C). On U t we define σ t (x, y) = (x, y) and we check that it behaves well under the identification. Consider
. We obtain a smooth real curve X t of genus g + 1 together with a morphism π t : X t → P 1 of degree k defined over R. In case t > 0 there is a new component C t of X t (R) close to P and under π t this maps to the interval [
In particular δ Ct (π t ) = 0. We call this the deformation with real ramification. In this case X t (C)\X t (R) is connected if and only if X(C)\X(R) is connected (see Figure 5 ).
Figure 5: Construction II, deformation with real ramification In case t < 0 then X t (R) contains no real point close to P . We call this the deformation without real ramification. In this case X t (C)\X t (R) is always connected (see Figure 6 ). Figure 6 : Construction II, deformation without real ramification
Construction III
Let Y be a real curve of genus g and let π : Y → P 1 be a morphism of degree k defined over R. Assume P + P is a non-real point of Y such that π(P ) = π(P ) and P , P are not ramification points of π C . Now we let X 0 = Y ∪ P +P P 1 be the union of Y and P 1 identifying P with π(P ) (still denoted by P ) and P with π(P ) (still denoted by P ). This singular curve has a natural morphism π 0 defined over R of degree k + 1 to P 1 having restriction π to Y and the identity to P 1 (see Figure 7 ).
Figure 7: Construction III, the curve X 0 Choose a local deformation over C making it smooth at P and take the complex conjugated local deformation at P and glue it with the remaining part of X 0 . We obtain a smooth real curve X t of genus g + 1 together with a morphism π t : X t → P 1 of degree k + 1 defined over R. One has g(X t ) = g + 1 and P 1 (R) on X ∪ P +P P 1 deforms to a connected component C t of X t (R) such that δ Ct (π t ) = 1. For this construction X t (C)\X t (R) is connected if and only if X(C)\X(R) is connected (see Figure 8 ). 
Construction IV
Consider a double covering τ 0 : R 0 → P 1 defined over R. Assume Y is a real curve without real points and π : Y → P 1 is a morphism of degree k defined over R (in particular k is even). Choose P + P on P 1 (a non-real point) such that P , P are not branch points of π C and choose non-real points P 0 + P 0 on R 0 and Q + Q on Y such that τ 0 (C)(P 0 ) = π(C)(Q) = P . Consider the nodal curve X 0 = Y ∪ P +P R 0 obtained by identifying P 0 to Q (still denoted by Q) and P 0 to Q (still denoted by Q). This is a singular curve defined over R without real points and π together with τ 0 induce a morphism of that singular curve to P 1 defined over R. Take a local deformation at Q over C smoothing the singularity, take the complex conjugated deformation at Q and glue it with the remaining part of X 0 to obtain a smooth real curve X t of genus g + 1 together with a morphism π t : X t → P 1 of degree k + 2. This smooth real curve does not have any real point.
Construction V
Assume Y is a real curve of genus g without real points and assume π : Y → R 0 is a morphism of degree k defined over R. Choose a non-real point P 0 + P 0 on R 0 such that P 0 , P 0 are not branch points of π C and a non-real point P + P on Y with π(P ) = P 0 . Consider the nodal curve X 0 = Y ∪ P +P0 R 0 obtained by identifying P 0 to P (still denoted by P ) and P 0 to P (still denoted by P ). This is a singular curve defined over R without real points and π together with the identity 1 R0 induces a morphism of degree k + 1 of that singular curve to R 0 defined over R. Take a local deformation at P over C smoothing the singularity, take the complex conjugated deformation at P and glue it with the remaining part of X 0 to obtain a smooth real curve X t of genus g + 1 together with a morphism π t : X t → R 0 of degree k + 1.
Existence of real curves having pencils with prescribed topological properties
Let X be a real curve of topological type (g, s, a) and let π : X → P 1 be a morphism of degree k defined over R. Assume s ≥ 1 and let δ = (δ 1 , · · · , δ s ) be the topological degree of π. Of course we need s i=1 δ i ≤ k. For each s ∈ P 1 (R) the number of real points in π −1 (s) counted with multiplicity has the same parity as s i=1 δ i . Since the non-real points of X are pairs of conjugated points on
has exactly δ i different points on C i . Since some fiber needs to contain points of C s one has δ s ≥ 1 in that case, hence
For the next theorem we need some more restriction. In case there is a morphism π : X → P 1 of degree k with
is disconnected too, hence a(X) = 0. Therefore, in case a(X) = 1 one always has
Theorem 2. Let k ≥ 3, let (g, s, a) be an admissable topological type of real curves and let δ be an admissible topological degree for morphisms of degree k. Assume
There exists a real curve X of topological type (g, s, a) having a morphism π : X → P 1 of degree k of topological degree δ.
Remark 3. The case k = 2 is contained in e.g. [14, Section 6] . In that case there are more restrictions in the case a = 0. Nevertheless, the existence of real hyperelliptic cruves is the starting point in a lot of cases of the proof of the theorem, even in Case 5 which is excluded for real hyperelliptic curves unless s = g + 1.
Section 2.1 is the proof of Theorem 2 in case a = 1 and Section 2.2 is the proof of Theorem 2 in case a = 0. In Section 2.3 we prove the corresponding theorem for morphisms to R 0 .
The case a = 1
First we consider the case s = 0. Let s be the number of δ i = 0 and let X be a real hyperelliptic curve of topological type (g − s , s − s , 1) (such curves do exist, see [14, Section 6] ). Let π be the associated double covering of P 1 then it follows that δ Ci ( π) = 0 for 1 ≤ i ≤ s − s . Applying Construction III s times we obtain π 1 :
(π 1 ) = 0 for s + 1 ≤ i ≤ s, in particular X 1 has topological type (g, s, 1). For each 1 ≤ i ≤ s we use Construction I δ i − 1 times on C 1 i and using the deformation without real ramification. We obtain π 2 :
(π 2 ) = 0 for s + 1 ≤ i ≤ s hence π 2 has topological degrees δ and X 2 has topological type (g, s, 1). In case s = s we apply Construction
s +1 using the deformation with real ramification. In case s = s and s = 0 we apply
1 alternating the deformation with and without real ramification. We obtain a real curve X of topological type (g, s, 1) and a real morphism π : X → P 1 having degree k and topological degree δ. Indeed, in this final step the degrees of the restrictions of π do not change since k − 2 − s i=1 δ i is even. Now assume s = 0 (the case of no real points). In this case k is even. In case g < k a general divisor D on a real curve X of degree k gives rise to a base point free linear system | D |. A general pencil in it defined over R gives rise to a real base point free g 1 k on X, hence to a real morphism π : X → P 1 of degree k. So we can assume g ≥ k. Start with a hyperelliptic curve X of genus g − (k/2) + 1 with X(R) = ∅. We apply Construction IV (k/2) − 1 times. Again we obtain a real curve X of genus g with X(R) = ∅ and having a real morphism π : X → P 1 of degree k.
The case a = 0
Again, let s be the number of δ i = 0.
Case 1
Assume s = s = 1 and δ 1 = k. In particular g ≡ 0 (mod 2). Let X 0 be a real hyperelliptic curve of genus g having a(X 0 ) = 0, s(X 0 ) = 1, hence for the hyperelliptic real morphism π 0 : X 0 → P 1 the unique component C 1 of X 0 (R) has topological degree 2 (see [14, Section 6] ). Apply k − 2 times Construction I using the deformation without real ramification. We obtain a real curve X of topological type (g, 1, 0) such that X has a covering π :
Case 2
Assume s > 1 and s i=1 δ i = k in which case s = s. In case all δ i = 1 then s = k and therefore g ≡ k + 1 (mod 2). In particular g − k + 2 is odd. Since k = s and s ≤ g + 1 also g − k + 2 ≥ 1. Let X 0 be a real hyperelliptic curve of genus g 0 = g − k + 2 having a(X 0 ) = 0, s(X 0 ) = 2 (see [14, Section 6] ).
Hence, for the real hyperelliptic morphism π 0 : X 0 → P 1 the 2 components C of X 0 (R) satisfy δ C (π 0 ) = 1. Apply k − 2 times Construction III. We obtain a real curve X of genus g having a(X) = 0, s(X) = k such that X has a covering π : X → P 1 defined over R of degree k such that each component C of X(R) satisfies δ C (π) = 1.
Assume
Case 3
Assume s i=1 δ i < k and s = s. It follows that s ≥ 1 and g ≡ s + 1 (mod 2). In particular g − s + 1 is even. Let X 0 be a real hyperelliptic curve of genus g − s + 1 such that a(X 0 ) = 0, s(X 0 ) = 1 and for the real hyperelliptic morphism π 0 : X 0 → P 1 one has that the unique component C 1 of X 0 (R) satisfies δ C1 (π 0 ) = 2 (see [14, Section 6] ). Apply Construction I using the deformation with real ramification to C 1 and apply s − 1 times Construction III. We obtain a real curve X 1 of genus g having a(X 1 ) = 0, s(X 1 ) = s = s such that there is a morphism π 1 : X 1 → P 1 of degree s + 2 defined over R such that each component C i of X 1 (R) satisfies δ Ci (π 1 ) = 1.
For 1 ≤ i ≤ s apply δ i − 1 times Construction I using the deformation without real ramification starting with C i . We obtain a real curve X 2 of genus g having a(X 2 ) = 0, s(X 2 ) = s = s and such that there is a morphism π 2 :
times Construction I starting with C 1 alternating deformation with and without real ramification (starting with real ramification) we end up with a real curve X of genus g satisfying a(X) = 0, s(X) = s = s and such that there is a morphism π : X → P 1 of degree k of topological degree δ.
Case 4
Assume s i=1 δ i < k, s > s and s ≥ 1. We start using the construction of Case 3 making a real curve X of genus g − s + s satisfying a(X ) = 0, s(X ) = s and such that there is a real morphism π : X → P 1 of degree k such that, for the components C 1 , · · · , C s one has δ Ci (π ) = δ i . Notice that, since g − s ≡ 1 (mod 2) one has g − s + s ≡ s + 1 (mod 2). Since
is not empty. Therefore we can apply Construction II s − s times using a deformation with real ramification. We obtain a real curve X of genus g such that a(X) = 0, s(X) = s and X has a real covering π : X → P 1 of degree k of topological degree δ.
Case 5
Assume s = 0. In this case k is even. Let X 0 be a hyperelliptic curve of genus g − s + 1 (hence of even genus) such that a(X 0 ) = 0, s(X 0 ) = 1 and if π 0 : X 0 → P 1 is the hyperelliptic morphism then the unique component C 1 of X 0 (R) satisfies δ C1 (π 0 ) = 2 (see [14, Section 6] ). Apply k − 2 times Construction I using the deformation with real ramification. One obtains a real curve X 1 of genus g − s + 1 such that a(X 1 ) = 0 and s(X 1 ) = 1 and a morphism π 1 : X 1 → P 1 of degree k such that for the unique component C 1 of X 1 (R) one has δ C1 (π 1 ) = 0. It follows that (π 1 ) −1 (P 1 (R))\X 1 (R) = ∅ and so we apply s−1 times Construction II with real ramification. We obtain a real curve X of genus g such that a(X) = 0, s(X) = s and there exists a real morphism π : X → P 1 of degree k such that for each component C of X(R) one has δ C (π) = 0.
Morphisms to R 0
Assume X is a real curve of genus g with X(R) = ∅ and assume π : X → R 0 is a morphism of degree k defined over R. Consider the associated morphism of Riemann surfaces π(C) : X(C) → R 0 (C) = P 1 (C) and let |D| be the associated complete linear system on X(C). We are going to show that |D| is not induced by a linear system on X (i.e. |D| does not contain a real divisor).
Notice that complex conjugation of divisors on X(C) acts on |D|. Indeed, choose a non-real point Q + Q on R 0 and let π(C)
For any E ∈ |D| one has E ∼ D 1 . This implies E ∼ D 1 hence also E ∼ E. Now π(C) corresponds to a line L in |D| that is invariant under this complex conjugation. If |D| would be real it would imply L is a real line, hence containing a real point. Such real point corresponds to a real divisor and this would be a fiber of π(C) invariant under complex conjugation but such fibers do not exist.
This implies O X (D) corresponds to a point of Pic k (X)(R) \ Pic k (X)(R) + , hence k ≡ g + 1 (mod 2) (see [14] ). In this section we consider pencils corresponding to points in Pic
Theorem 4. Let g and k ≡ g + 1 (mod 2) be nonnegative integers. In case k ≥ g + 1 and X is a real curve of genus g with X(R) = ∅ then there exists a morphism π : X → R 0 of degree k. In case k < g + 1 then there exists a real curve of genus g with X(R) = ∅ having a morphism π : X → R 0 of degree k.
Proof. First assume k ≥ g + 1. Choose an effective divisor D such that O X (D) corresponds to a point on Pic k (X)(R) \ Pic k (X)(R) + . Then |D| is not defined over R but complex conjugation of divisors is defined on |D|. Choose D 1 ∈ |D| and let L be the line in |D| connecting D 1 to D 1 . This corresponds to a morphism π(C) : X(C) → P 1 (C). Since L = L ⊂ |D| it follows π(C) is equivariant using the complex conjugation on X(C) and some antiholomorphic involution on P 1 (C) without fixed points. This implies π(C) is induced by a morphism π : X → R 0 defined over R.
Next assume k ≤ g + 1 and k ≡ g + 1 (mod 2). Let X 1 be a real curve of genus g − k + 2 having a morphism f 1 : X 1 → R 0 of degree 2 (such curves exist since g − k + 2 is odd, see [14, Section 6] ). Then use k − 2 times Construction V.
Remark 5. In his paper [6] the author obtains Theorem 4 by fixing a real divisor D on R 0 and using the Riemann Existence Theorem using coverings on R 0 (C) \ D. Although the author gives no argument for the existence of an antiholomorphic involution on a suited choice of such a covering this reasoning can be applied using Klein surfaces (see [1] for the foundations of that theory). Also in that paper he obtains Theorem 2 for the case s = 0 but in that argument details are omitted.
In his paper [7] the author also gives an argument for the existence of real curves X of given topological type having a morphism π : X → P 1 of degree k. For the case a(X) = 0 he uses deformations of hyperelliptic and trigonal curves. The case a(X) = 1 is contained in [5] . In that paper the author uses deformations of singular real curves on suited real rational surfaces using Brusotti-type arguments. We use arguments directly applied to coverings which is more natural and easier. In both cases it is not clear to us how to obtain the existence of all admissible topological degrees for π using those deformations. We also give some remarks on some of the arguments used in those papers (especially [7] ) in Remark 11.
In [14, Section 8] one considers real trigonal curves and one asks about determining the topological types of such curves. In Theorem 2 we obtain that all admissable topological types can be realized as real trigonal curves. A (in principle similar) proof is described in [7, Proposition 2.1]. A different proof using Fuchsian and NEC (non-euclidean crystallographic) groups (and obtaining much more detailled information concerning the case of cyclic trigonal coverings) is given in [10] .
3 Some Brill-Noether Theory for real pencils on real curves
On Pic k (X)(C) we consider the closed subspace W 1 k (X) representing invertible sheafs on X C satisfying h 0 (L) ≥ 2. This subspace W 1 k (X) is invariant under conjugation, hence it is defined over R. We write W 1 k (X)(R) to denote its set of real points and
, so we assume from now on that k ≤ g.
The study of those spaces W In [9] one considers Brill-Noether theory of W 1 k (X)(R) for real curves X. There are important differences with the complex case. We consider the moduli space M g/R of real curves of genus g representing the isomorphism classes over R of real curves of genus g. We recall some facts on it (for details see [19] ). It is a semi-analytic real variety of dimension 3g − 3 (as a matter of fact it has a nonempty boundary, see [18] for its description). For each topological type (g, s, a) there is a unique connected component M g/R (g, s, a) of M g/R . This connected component is the quotient of a Teichmuller space (which is a connected real analytic manifold) by means of a discontinuous action of a modular group. Inside such component M g/R (g, s, a), curves having a certain type of real linear system give rise to semi-analytic subvarieties of M g/R (g, s, a). Therefore there is in general no description of behavior on a dense open subset of M g/R (g, s, a) and we need to modify the meaning of "general".
Definition 6. Let P be some property concerning real linear systems on real curves. We say there is a general real curve of topological type (g, s, a) satisfying property P if there exists a non-empty open subset U of M g/R (g, s, a) such that P holds for all curves corresponding to a point of U . In [9] it is proved that in case ρ 1 k (g) ≥ 0 and s = 0 then there is a general real curve of type (g, s, a) such that W 1 k (X)(R) = ∅. In order to prove this result the author constructs a real compactification of the real Hurwitz space of coverings of degree k. The restriction s = 0 has a technical cause. Working with families of real curves the author needs the existence of a section defined over R. In particular such a section guaranties that the relative Picard scheme of such families represents the Picard functor (see [16] ). Now we are going to use the existence results from Section 2 to give another proof. In that way we obtain a finer statement involving the covering degree. In the argument we make intensive use of Brill-Noether theory for complex curves and we work with the space of morphisms to P 1 instead of the Hurwitz space. This space of morphisms is defined using Hilbert schemes in [15, Section 4 .c].
In particular we do not need relative Picard schemes to finish our arguments, hence we do not need the restriction s = 0. In case s = 0 we consider both
+ using morphims, we also need the converse statement.
+ and assume |L| is base point free of dimension 1. Then there is a morphism f : X → R 0 of degree k such that f C corresponds to |L|.
Proof. See [12, Example 1].
Let X be a real curve of topological type (g, s, a) and let g 1 k be a complete base point free linear system on X. We say g 1 k has topological degree δ if the morphisms f :
Because the topological degree is a discrete invariant it is constant on connected components of 
+ is not empty and has dimension ρ 1 k (g).
In order to prove this theorem we are going to use spaces parameterizing morphisms to P 1 . First we introduce some definition that will be useful for the proof.
Definition 10. A suited family of curves of genus g is a projective mophism π : C → S such that
• S is smooth, irreducible and quasi-projective,
• each fiber of π is a smooth connected curve of genus g,
In case X is a given smooth curve of genus g then we say π : C → S is a suited family for X if moreover some fiber of π is isomorphic to X. If moreover X is defined over R then we also assume π : C → S is defined over R and X is isomorphic over R to some fiber of π over a real point of S.
Such suited families do exist (see [12, Section 3] , in that paper one considers real curves with real points and one needs the family to have a real section, in our situation one does not need to use S from loc. cit.). From a suited family we obtain a morphism S → M g and in case K = R we also obtain a morphism S(R) → M g/R . From the bijectivity of the Kodaira-Spencer map it follows those morpisms to the moduli space have finite fibers. Therefore it is enough to prove the statements of Theorem 9 for real curves corresponding to fibers of π at general points of S(R).
Let π : C → S be a suited family of curves of genus g defined over K (being C or R). For a noetherian S-scheme T we consider the set H k (π)(T ) of finite T -morphisms C × S T → P 1 × T of degree k. This functor is representable by an S-scheme π k : H k (π) → S (see [15, Section 4 .c]). Let f : X → P 1 C be a morphism corresponding to a point [f ] on H k (π)(C) and consider the associated exact sequence
From Horikawa's deformation theory of holomorphic maps (see [17] , see also [23, 3.4.2] ) it follows T [f ] (H k (π)) is canonically identified with H 0 (X, N f ) and since H 1 (X, N f ) = 0 it follows H k (π) is smooth of dimension 2k +2g −2. In case K = R it follows H k (π)(R) is a smooth real manifold of dimension 2k + 2g − 2 (of course H k (π)(R) need not be connected).
In case K = R then for a noetherian S-scheme T we consider the set H R k (π)(T ) of finite T -morphisms C × S T → R 0 × T of degree k. This functor is represented by an S-scheme π R k : H R k (π) → S and using the same arguments we obtain H R k (π) is smooth of dimension 2k + 2g − 2 and H R k (π)(R) is a smooth real manifold of dimension 2k + 2g − 2 (again, it need not be connected).
Because dim(Aut(P C) ) be the closed subspace of H k (π)(C) (resp. H R k (π)(C)) consisting of the fibers of π k (C) (resp. π R k (C)) having dimension greater than ρ 1 k (g) + 3. Assume it contains an irreducible component of H k (π)(C). Since such component dominates S(C) it would follow that it has dimension more than 3g − 3 + ρ 1 k (g) + 3 = 2g + 2k − 2, a contradiction. Hence it follows that H k (π)(C) (resp. H R k (π)(C)) does not contain irreducible components of H k (π)(C) (resp. H R k (π)(C)), hence its dimension is less than 2g + 2k − 2. Moreover, those subspaces are invariant under complex conjugation, hence they are defined over R. So we obtain closed subschemes H k (π) and H R k (π) of H k (π) defined over R and we obtain dim (H k (π)(R)) < 2g + 2k − 2 (resp. dim H R k (π)(R) < 2g + 2k − 2). For a complex curve X s corresponding to a general point s on S(C) it follows from Brill-Noether Theory that
, otherwise it is empty). In case r ≥ 2 this gives rise to a subspace of π
are not complete. Then we obtain that those are not components of H k (π)(C) (resp. H R k (π)(C)) because they have dimension less than 2g + 2k − 2. Again H 2 k (π) and H 2,R k (π) are defined over R and we find dim
Proof of Theorem 9. In case ρ 1 k (g) < 0 then from dim (H k (π)(R)) < 3g − 3 part 1 follows. Also in case s = 0 one has dim H R k (π)(R) < 3g − 3, hence using Lemma 8 the first statement of part 3 follows. So assume ρ 1 k (g) ≥ 0 . By Theorem 2 there is a real curve X of topological type (g, s, a) having a morphism f : X → P 1 of degree k having topological degree δ. Let π : C → S be a suited family for X then f defines [f ] ∈ H k (π)(R). From the previous consideration it follows we can assume
Hence a general element of π k (H k (π)(R)) corresponds to a real curve X of type (g, s, a) with dim
In case s = 0 and k ≡ g + 1 (mod 2), by Theorem 4 there exists a real curve X of topological type (g, 0, 1) having a real morphism f :
k (π)(R). As in the previous case we obtain the second statement of part 3 (again we also use Lemma 8).
Remark 11. The proof of Theorem 9 is intensively based on known dimension statements in the complex case. In order to be able to use those statements it is very important to know that dim (H k (π)) = 2k + 2g − 2 implies dim (H k (π)(R)) = 2k + 2g − 2. To make this conclusion it is very important to know that H k (π)(C) is smooth. In his paper [7] mentioned in Remark 5 the author uses similar arguments to obtain statements as those in Theorem 9 but without considering the topological degree. However the arguments are applied on the moduli space itself. Although the author claims the locus of k-gonal curves on the module space is smooth this is not clear (and in general it is not true). Moreover for his arguments he needs that the closure of that locus is smooth at the hyperelliptic or trigonal locus. To solve this technical problem one should use a suited family containing a hyperelliptic or trigonal curve and use the space parameterizing linear systems g 1 k on fibers of that family. Indeed, according to [2] that space is smooth. The construction of that space uses the relative Picard scheme and we did not use that space in our arguments in order to be able to use arguments also applicable in case s = 0. Also in his paper [5, End of proof of Theorem 0.1] the author uses similar arguments but again not all details are described completely. In particular the author uses an argument on Hurwitz schemes but it is not clear from it that one obtains real coverings with only simple ramification (in particular, that one obtains a point in the smooth locus of the compactified Hurwitz scheme). Those arguments in [5] can be replaced by using the Hilbert scheme parameterizing morphisms and the details described in this section.
In his paper [7] the author also shows that (with the same remarks on the proof as above), in case ρ 1 k (g) < 0, a general k-gonal real curve of topological type (g, s, a) has a unique linear system g 1 k . This fact can be obtained from our arguments (and fixing the topological degree of the linear system). As in [7] one uses that a general complex k-gonal curve has a unique g 1 k (see [3] ). Since a general complex k-gonal curve has no multiple g 1 k (see [22] ) one also obtains a similar result for general real k-gonal curves fixing the topological degrees.
We return to Example 7, finishing the case of curves of topological type (4,1,0). A non-hyperelliptic complex curve X of genus 4 is trigonal. By RiemannRoch, in case g is a g 1 3 on X then |K X − g| = h is also a g 1 3 on X and it is well known that X has no other linear systems g Proposition 12. Let X be a non-hyperelliptic real curve of topological type (4, 1, 0) . Then X has two real linear systems g 1 3 . One of them has topological degree (3), the other one has topological degree (1).
Proof. Let T be a real Teichmüller space of real curves of topological type (4,1,0) and let π T : X → T be the associated universal family. This space T is a connected real manifold of dimension 9 and all real curves of topological type (4,1,0) do occur as fibers of that family. Inside T the closed subspace H of points having hyperelliptic fibers for π H has codimension 2, hence T \ H is still connected. Inside T \ H we consider T (1) (resp. T (3)) being the subspace of points such that the fiber X for π H has a morphism f : X → P 1 of degree 3 of topological degree (1) (resp. (3)). From [13] we know T (3) = T \ H and we need to prove T (1) = T \ H too. Because of Theorem 2 we know T (1) = ∅, we assume that T (1) = T \ H.
The fiber of a point belonging to the closure of T (1) in T \H is a real curve X that is the limit of real curves X t having a morphism f t : X t → P 1 of topological degree (1) . This corresponds to a linear system g 1 3 (t) on X t and the limit is a linear system g 1 3 on X. Since X is not hyperelliptic this linear system has no base points and it is complete, hence it corresponds to a morphism f : X → P 1 being a limit of those morphisms f t , hence f has topological degree (1) too. This implies T (1) is closed in T \ H hence it is not open in T \ H since T \ H is connected. Therefore T (1) has a boundary point t 0 in T \ H, let X 0 be the fiber of π T above t 0 . Now let π : C → S be a suited morphism of curves for X 0 (let s 0 ∈ S(R) such that π −1 (s 0 ) = X 0 ). Let π 3 : H 3 → S be the parameterspace for all coverings of degree 3 to P 1 of fibers of π above points on S. Let H 3 (1) (resp. H 3 (3)) be the closed open subsets of coverings of topological degree (1) (resp. (3)). For a covering f : X → P 1 we write L f to denote the corresponding invertible sheaf. For [f ] ∈ H 3 it follows from the deformation theory of Horikawa that d [f ] (π 3 ) is surjective if and only
is the tangent map of
. From the previous description of the tangent map of π 3 it follows L f0 is half-canonical on X 0 . In particular X 0 has no g 1 3 associated to an invertible sheaf different from L f0 and this would imply there is no morphism f :
Remark 13. In contrast with our Theorem 9 it is already mentioned that for each topological type (4, s, a) = (4, 1, 0) there is a general real curve X having no real g 1 3 . In [9] it is also proved that for each topological type (8, s, a) = {(8, 1, 0), (8, 0, 1)} there is a general real curve X having no real g 1 5 (while Theorem 9 implies there is a general real curve X having a real g 1 5 ). On the other hand, the main result of [13] implies that there is no general real curve X of topological type (8, 1, 0) having no base point free g 1 5 of topological degree (5). For real curves without real points it is proved in [20] that for each genus g there exist general real curves X of topological type (g, 0, 1) such that
+ is empty for each k ≤ g. Our Theorem 9 implies that there exist general real curves of topological type (g, g −1, 0) having a base point free g 1 g−1 of topological degree (1, · · · , 1). From forthcoming work of the first author it follows that there also exist general real curves X of topological type (g, g − 1, 0) having no such linear system g 1 g−1 and many similar statements.
4 Real 4-gonal curves having a g 1 4 with no totally non-real divisor and no component of non-zero degree Definition 14. Let X be a real curve and let f : X → P 1 be a morphism defined over R. We define the covering number k(f ) as follows. Consider the associated map f (R) :
Of course, in case X(R) = ∅ then k(f ) = 0 by definition. Also k(f ) = 1 if and only if there is a connected component C of X(R) such that δ C (f ) ≥ 1. In particular k(f ) = 1 in case deg(f ) is odd. Also in case deg(f ) = 2 then k(f ) is equal to 0 or to 1. So the case with deg(f ) = 4 is the first interesting case to study the possible values for k(f ). In the next theorem we prove there are no further restrictions on k(f ) for gonality 4.
Theorem 15. Let (g, s, a) be an admissable topological type for real curves with s ≥ 1. Let 1 ≤ k ≤ s. There exists a real curve X of topological type (g, s, a) such that there is a covering f : X → P 1 of degree 4 defined over R such that k(f ) = k and for each connected component C of X(R) one has δ C (f ) = 0.
Proof. We first prove the case of M -curves (s = g + 1, in particular a = 0) with k = g + 1.
In case g is even take two hyperelliptic M -curves Y 1 and Y 2 of genus g = g/2 having double coverings f i : Y i → P 1 defined over R with the following properties. Let C 
It is a stable real curve of genus g having a node p = (p 1 = p 2 ) and a morphism f : X 0 → P 1 of degree 4 defined over R. Locally at p the curve X 0 is defined over R by the equation x 2 − y 2 = 0 and the morphism is given by (x, y) → x. Using a local deformation over R given by x 2 − y 2 = t and gluing with other local coordinates one obtains a curve X t defined over R having a covering f t : X t → P 1 of degree 4 defined over R such that g(X t ) = 2g = g. (The details are as in Construction 1.) The components of X t (R) are deformations C which is one component C 0 (t). Clearly f t (C 0 (t)) is a deformation of I I one obtains an M -curve X t of genus g with a covering f t : X t → P 1 of degree 4 defined over R such that the components of X t (R) are deformations C Y (x i ) ∩ C 1 = {p i1 , p i2 } (see Figure 11 with k = 4 and g = 6). In case k = 1 those are points in the inner part of I. Let X 0 = Y pi1=pi2 for 1≤i≤g−k+1 . Then X 0 is defined over R and it has a covering f 0 : X 0 → P 1 defined over R of degree 4. Locally at the node p i = (p i1 + p i2 ) the curve X 0 is defined over R by x 2 − y 2 = 0 and the morphism by (x, y) → x. Using local deformations over R by the equation x 2 − y 2 = t with t ≥ 0 one obtains two new real ramification points close to c i . Gluing one obtains a curve X t defined over R having a morphism f t : X t → P 1 of degree 4 defined over R with g(X t ) = g. (This is similar to applying g − k + 1 times Construction I with real ramification.) For each 2 ≤ i ≤ k there is a component C i (t) of X t (R) that is a deformation of C i . Because of the chosen local deformations, the deformation of C 1 is a union of g − k + 2 components C 1 (t), C 1 (t), · · · , C g−k+1 (t). It follows s(X t ) = g +1 hence X t is an M -curve. The images f t (C i (t)) are deformations of I i for 2 ≤ i ≤ t, the image f t (C 1 (t)) is a deformation of the connected component of I 1 \ {c 1 } containing I 1 \ I 2 , the images of f t (C i (t)) are deformations of the interval between c i and c i+1 on I 1 for 1 ≤ i ≤ g − k and a deformation of the connected component of I 1 \ {c g−k+1 } not containing I 1 \ I 2 for i = g − k + 1. If follows C 1 (t), · · · , C k (t) is the only subset of k components C of X t (R) such that the union of the intervals f t (C) equals P 1 (R). This implies k(f t ) = k. Now we finish the proof for the orientable case a = 0 in case X is not an M -curve (in particular s ≤ g − 1). Let b = (g + 1 − s)/2, which is an integer. For 1 ≤ j ≤ b let p j ∈ C j and q j ∈ C j+1 with f Y (p j ) = f Y (q j ) ∈ I j ∩ I j+1 . Let X 0 = Y pj =qj for 1≤j≤b . Using locally real deformations at the nodes p j = q j one obtains a real curve X t of genus g(Y ) + b = g and a covering f t = X t → P 1 of degree 4 defined over R. The components of X t (R) are a deformation C(t) of (C 1 ∪ · · · ∪ C b+1 ) pj =qj for 1≤j≤b and deformations C i (t) of C i for b+2 ≤ i ≤ s+b.
In particular s(X t ) = s. The image f (C(t)) is a deformation of I 1 ∪ · · · ∪ I b+1 and the image f (C i (t)) for b + 2 ≤ i ≤ s + b are deformations of I i . It follows that k(f t ) = k.
Finally we consider the non-orientable case (hence a = 1). First assume s ≡ g (mod 2). Let Y be an orientable curve of genus g − 1 with s(Y ) = s such that Y has a covering f Y : Y → P 1 of degree 4 defined over R with k(f Y ) = k. Let c ∈ P 1 (R) such that f −1
Y (c) is not a totally real divisor and let P + P ⊂ f −1 Y (c) for a non-real pair P + P . Let X 0 = Y P =P , it is a real curve of genus g + 1 having a covering of degree 4 defined over R. Locally at the node P = P the curve is defined over R by x 2 + y 2 = 0 and the morphism by (x, y) → x. Take a local deformation of the the type Z(x 2 +y 2 −t) with t < 0 and glue it to obtain a real curve X t (this corresponds to Construction II without real ramification). Clearly X t is non-orientable, g(X t ) = g, s(X t ) = s and it has a covering f t : X t → P 1 defined over R of degree 4 with k(f Y ) = k. Finally assume s ≡ g + 1 (mod 2). Since s ≤ g − 1 we can take a non-orientable real curve Y of genus g − 1 such that s(Y ) = s and there is a covering f Y : Y → P 1 of degree 4 defined over R with k(f Y ) = k. Repeating the previous construction one obtains the curve X t one is looking for.
